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Abstract 10 
Developing mathematical models describing pipe (or duct) temperature is of great 11 
importance, since pipes are unavoidable elements in most (hydraulic) heating systems, in 12 
which some heat transfer fluid flows/circulates between neighbouring working components 13 
(such systems are district, central or solar heating systems, etc.). 14 
In the present study, the Newton’s law of cooling is completed with a recent explicit equation 15 
determining the time delay of pipes. Based on measured data, the gained mathematical model, 16 
called physically-based model, describes the outlet (fluid) temperature of pipes with a 17 
convenient accuracy with respect to the practice. 18 
A further model, called LR model, is worked out based on multiple linear regression. Based 19 
on measured data, the LR model can model the outlet temperature of pipes generally more 20 
precisely than the physically-based model if the flow rate is nonzero. In addition, the LR 21 
model has lower computational demand. 22 
Since the physically-based model is still more precise under certain conditions, a third model, 23 
called grey-box model, is proposed as a combination of the physically-based and the LR 24 
model calculating every time according to the more advantageous one of them. Based on 25 
measured data, the grey-box model is the most precise model. In addition, this model has 26 
lower computational demand than the physically-based model. 27 
Keywords: Pipe temperature; Mathematical modelling; Linear regression; Grey-box model 28 
Nomenclature 29 
t: time, s; 30 
x: space coordinate along the pipe, m 31 
Time-dependent functions 32 
T: pipe temperature, °C; 33 
aT : ambient temperature of the pipe, °C;  34 
inT : inlet pipe temperature, °C; 35 
outT : outlet pipe temperature, °C; 36 
measoutT , : measured outlet pipe temperature, °C; 37 
mod,outT : modelled outlet pipe temperature, °C; 38 
v : (pump) flow rate in the pipe, m3s-1 39 
Constant parameters 40 
A: area of pipe cross section, m
2
; 41 
c: specific heat capacity of the pipe fluid, Jkg
-1
K
-1
; 42 
k: heat loss coefficient of the pipe, Wm
-1
K
-1
; 43 
L: length of pipe, m; 44 
V: pipe volume, m
3
; 45 
t : time period between successive measurements on the pipe, s; 46 
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 : mass density of the pipe fluid, kgm-3 47 
1. Introduction 48 
Developing mathematical models describing pipe (or duct) temperature is of great 49 
importance, since pipes are unavoidable elements in most (hydraulic) heating systems, in 50 
which some heat transfer fluid flows/circulates between neighbouring working components. 51 
District heating systems, central heating systems and solar heating systems can be mentioned 52 
here as particular examples. 53 
In many works, the heat loss effect, and even more often, the time delaying effect, of pipes is 54 
neglected. Nevertheless, one or both of the above pipe effects must be often considered, for 55 
example, if the pipe is not so well insulated and/or the pipe is relatively long. This is the case 56 
for district heating systems [1, 2] or e.g. in [3], where 5-10% more solar energy can be gained 57 
at a real solar heating system with differential control if the pipes are taken into account 58 
precisely enough. 59 
As for most other working components, differential equations (DEs) are the most frequent 60 
mathematical models to model pipes. See, for example, [4], when an inverse method is used 61 
to estimate the inlet temperature on the basis of the governing DEs. In the simplest case, a 62 
pipe is modelled with a single ordinary differential equation (ODE) assuming homogeneous 63 
pipe (fluid) temperature (with respect to space) as the single state variable. The heat loss can 64 
be considered in such models [5], so they can be accurate enough on an average in long terms, 65 
but, if the transients are important, more sophisticated models should be used. 66 
The most often model, describing both delay and heat loss, is the linear one dimensional 67 
partial differential equation (PDE) corresponding to heat transfer and plug-flow (that is, the 68 
mixing and temperature homogenization effects inside the pipe are neglected). In other words, 69 
this model is the one dimensional linear transport equation [6] describing the pipe (fluid) 70 
temperature supported with a member with respect to heat loss, optionally. This PDE is 71 
applied to model temperature distribution in solar collectors in [7 and 8], in heat exchangers 72 
with connecting pipes in case of neglected heat losses in [9], in chemical tubular reactor in 73 
[10] and in a district heating system in [2]. In the latter difference, the PDE is used to 74 
determine time delay directly as well. In [11], the PDE describing the temperature distribution 75 
inside the pipe is applied to a water heating equipment of pilot-scale in case of perfectly 76 
insulated pipes. By means of a simplifying procedure, the PDE is transformed into two 77 
models for control purposes. One of them contains ODEs for perfectly mixed sections, while 78 
the other one is a length integrated model, determining the average of the temperature along 79 
the pipe. Similarly, PDEs describing temperature distribution are used for pipes and parallel-80 
plate channels in [12] and for a basic natural circulation loop in [13]. If the one dimensional 81 
linear heat transfer equation corresponding to pipe temperature is applied to the moving “fluid 82 
element” inside the pipe, essentially, the well-known Newton’s law of cooling [14] is gained. 83 
Although, PDEs are usually more difficult to handle than ODEs and they cannot be solved 84 
exactly, solutions with desired precision can be generally gained by means of discretization 85 
methods. For example, in the TRNSYS software [15], which is widely used to simulate 86 
transient thermal processes in different heating systems, a pipe is divided into segments, each 87 
of which has homogeneous temperature and is modelled with an ODE. The pipes of district 88 
heating systems are discretized in [1], after which, the temperature is calculated numerically. 89 
Although, PDEs can be generally solved numerically with desired precision, there is a 90 
problem of principle with respect to the (one dimensional) linear transport equation 91 
corresponding to pipe (fluid) temperature. Namely, if the (pump) flow rate is intermittent, that 92 
is, the flow rate is sometimes zero, the transport equation may have no classical solution or 93 
may have not unique solutions. Neither case satisfies the natural physical expectation on 94 
definiteness (see Remark 2.1 in [16] for more details). This problem is avoided with nonzero 95 
flow rate (e.g. in [7 and 17]) or with numerical solution (e.g. in [10]). 96 
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The problem of discontinuity can be overcome if heating systems affected with the delaying 97 
effect of pipes are modelled with delay differential equations (DDEs) [18, 19]. Most 98 
references on thermal engineering problems deal with constant time delay. See, for example, 99 
[20] and [21] on DDEs with respect to heat conduction if the heat flux vector is endowed with 100 
time delay. In [22], the pipe outlet temperature is described in time by means of a delayed 101 
equation derived from the heat transfer PDE in case of constant flow rate. An explicit formula 102 
is given to express the time delay as a function of time in case of variable flow rate in [17], 103 
although, it can be used only if the flow rate is nonzero. The concept is improved in [16], 104 
where an explicit delay equation is proposed, which can be applied to intermittent flow rates 105 
as well. 106 
So far, white-box models were discussed as they are founded on known physical phenomena. 107 
In case of black-box models, some experienced/measured correlations are represented 108 
empirically. In the present work, multiple linear regression (MLR) is used in constructing a 109 
black-box model to determine the outlet temperature of pipes as a function of the inlet and 110 
ambient temperatures. See [23], where solar collectors, as other working components of 111 
heating systems, are modelled by means of MLR. 112 
The contributions are the following in details in the present study. 113 
1. In the determination of the outlet (fluid) temperature, the Newton’s law of cooling is used 114 
to model the heat loss to the ambiance of the pipe completed with the explicit delay 115 
equation of [16] to determine the time delay. This white-box model is called physically-116 
based model henceforth. 117 
2. Furthermore, an MLR based model, called LR model, is worked out to determine the outlet 118 
temperature of pipes as a simple linear function of the inlet and ambient temperatures. It is 119 
presented based on measured data that the LR model is generally more precise than the 120 
physically-based one if the flow rate is nonzero. In addition, the LR model has lower 121 
computational demand. 122 
3. Since the physically-based model is still more precise under certain conditions, a third 123 
model, called grey-box model, is proposed as a combination of the physically-based and 124 
the LR model calculating every time according to the more advantageous one of them. 125 
Based on measured data, the grey-box model is more precise than any of the other two 126 
models. In addition, the grey-box model has lower computational demand than the 127 
physically-based model. 128 
The Matlab software [24] has been applied in this work to carry out the needed calculations. 129 
The organization of the paper is the following: Section 2 gives common features on the pipe 130 
operation, the measurements and the modelling corresponding to all of the studied models. In 131 
Section 3 and 4, the physically-based and the LR model are constructed and their 132 
identification and validation are given based on measured data. The grey-box model is 133 
proposed and validated in Section 5. The detailed comparison of the models is given in 134 
Section 6. Conclusions and recommendations for future research works are given in Section 7. 135 
2. Common features on pipe operation, measurements and modelling 136 
2.1. Pipe operation 137 
Fig. 1 shows the pipe to be modelled. 138 
 139 
Fig. 1. Temperature along the pipe at time t 140 
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Obviously, it takes a certain time for the “fluid element” leaving the pipe inlet at time   to 141 
reach the outlet at time t. That is, the delay d equals to t . If the (pump) flow rate in the 142 
pipe v is not constant but a function of time  tv , then  t  also depends on time t, as well as 143 
the delay  td , see Eq. (1). 144 
                                                                     ttd                                                               (1) 145 
In particular,   tt   can be determined according to Eq. (3) if the initial contents of the pipe 146 
have already been completely discharged, that is, if Ineq. (2) holds. 147 
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If Ineq. (2) does not hold for a time t, then  t  is meaningless and not defined for that t. (See 150 
[16] for more details on the above concept.) 151 
As regards the practice,  t  in Eq. (3) can be easily estimated with numerical integration if 152 
 tv  is measured. 153 
In the present study, two cases of operation are distinguished on each day as follows. 154 
Case On:   0tv  and Ineq. (2) holds. In other words, this case includes those points of time, 155 
when the fluid is flowing and the initial contents of the pipe have already been completely 156 
discharged. 157 
Case Off:   0tv  and Ineq. (2) does not hold or   0tv . In other words, this case includes 158 
those points of time, when the fluid is not flowing or it is flowing but the inlet has no effect on 159 
the outlet, since the initial contents of the pipe have not been completely discharged yet. This 160 
case is further divided into sub-cases, which are the maximal connected time intervals 161 
included completely in Case Off, that is, all sufficiently small distinct time intervals before or 162 
after such a sub-case has no common point with Case Off. 163 
It should be noted that the mixing and temperature homogenization effects inside the pipe are 164 
neglected in the present study. 165 
2.2. Measurements and modelling 166 
The measured data of a real solar heating system (called SZIU system) installed at the Szent 167 
István University in Gödöllő (Hungary) is used in the present work (see e.g. [25, 26] for the 168 
description of the SZIU system). Among other system components, the pipe from the heat 169 
exchanger to the solar collector (it means only one direction) is monitored, that is, aT , inT , v 170 
and outT  (for comparison) are measured once a minute, so t =1 min. The pipe is in the open 171 
air, its constant parameters [5] can be seen in Table 1. It should be mentioned that the pipe 172 
length is 80 m, because of that it takes about 7 min for the pump to totally discharge it, so the 173 
delaying (and heat loss) effect of the pipe is considerable. In most cases, the pipe effects are 174 
even more significant, since the pump is generally not switched on permanently but switched 175 
on/off with variable frequency. It should be also mentioned, that Case On and the switched on 176 
state of the pump coincide after discharging the initial pipe contents (cf. the description of 177 
Case On in Section 2.1) and that the pump works in differential (on/off) mode, that is, the 178 
flow rate is 0 or 0.000272 m
3
s
-1
 (= 0.98 m
3
h
-1
) according to measurements in case of 179 
permanent pumping. 180 
The measured data of four days (2 July, 24 June, 28 June and 8 June, 2012) are used in the 181 
identification. In 2 July and 24 June, the pump switches on/off relatively rarely (smooth 182 
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operation), in 28 June and 8 June, the pump switches relatively often (intermittent operation). 183 
The measured data of 56 days are available from 3 July to 31 August, 2012 and used in the 184 
validation. 185 
The modelled (calculated) outlet temperature is determined for each measured time, so the 186 
modelled and measured values of the outlet temperature ( mod,outT  and measoutT , ) can be directly 187 
compared. The following indices of comparison, with respect to the currently investigated 188 
time period, are used in the present work: the average of error is the time average of 189 
 measoutout TT ,mod,  , the average of absolute error is the time average of the absolute value 190 
measoutout TT ,mod,  . The latter is considered also in proportion to the (positive) difference 191 
between the maximal and minimal value of measoutT , , expressed in %. 192 
3. Physically-based model 193 
The physically-based model is the well-tried Newton’s law of cooling [14] according to Eq. 194 
(4). 195 
                                                             
 
Ac
TTk
dt
dT a


                                                            (4) 196 
k is the parameter to be identified in this model. In the two different operating cases, Eq. (4) is 197 
used as follows. 198 
Case On: T in Eq. (4) is the temperature of the moving fluid element leaving the inlet at time 199 
 t  and reaching the outlet at time t, so the initial temperature is   tTin  . 200 
Case Off: T in Eq. (4) is the temperature of the stagnating fluid element at the pipe outlet. 201 
3.1. Identification 202 
In the identification process, Eq. (4) is solved (numerically) then the modelled outlet 203 
temperature for each measured time (gained from the solution of Eq. (4)) and the measured 204 
outlet temperature can be compared. Of course, the measured values of aT , inT  and v are used 205 
in the solution. More details are given below for the two operating cases. 206 
Case On: In practice,  t  is the last measured time, for which Ineq. (2) holds and each 207 
measured time belonging to this operating case is considered as time t.  208 
Case Off: Eq. (4) is solved for each sub-case in Case Off separately (see Section 2.1 for the 209 
definition of the sub-cases). The initial temperature is measoutT ,  at the beginning (at the first 210 
measured time) of the current sub-case, otherwise, it is  ttTout mod, . Each measured time 211 
belonging to this operating case is considered as time t. 212 
If Eq. (4) is solved for a whole day (not only for Case On or Case Off separately), then the 213 
initial temperature in the sub-cases of Case Off is always  ttTout mod, , except the beginning 214 
of the day, when the initial temperature is, naturally, the measured outlet temperature. 215 
k is to be identified separately for Cases On and Off in such a way that the mean % value of 216 
the four average of absolute error values is minimal for the periods of Case On in the four 217 
identified days and for the periods of Case Off in the four identified days, respectively. The 218 
accordingly identified values of k (0.50 and 1.30 Wm
-1
K
-1
) can be seen in Table 1 for each 219 
operating case. Henceforth, the identified model is used to model the outlet temperature. 220 
Comparing all measured and modelled values of the outlet temperature in the whole 221 
identification period, the R
2
 (square of correlation coefficient) value is 0.9547 and 0.9802 in 222 
Case On and Case Off, respectively (see Table 2). The average of absolute error is 5.2% and 223 
3.3% in Case On and Case Off, respectively, regarding the whole identification (see Table 3).  224 
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For two single days of the identification (2 July and 28 June), the average of error and average 225 
of absolute error values with respect to Case On and Case Off can be found in Table 3. 226 
The identified Eq. (4) has been solved also for whole days. The corresponding values for 2 227 
July, 28 June and for the whole identification can be found in Table 3 (3.9%, 4.1% and 4.2% 228 
with respect to the average of absolute error). Fig. 2 shows the comparison graphically with 229 
respect to time for the mentioned two days. For the sake of more convenient comparison, the 230 
switching state of the pump (on/off) can be also seen in the figure. 231 
 232 
Fig. 2. Measured and modelled outlet temperature in case of the physically-based model on 233 
two days of the identification 234 
3.2. Validation 235 
In the validation, the modelling process is the same as in the identification in Section 3.1 236 
(including e.g. the selection of the initial conditions in Case On, Case Off and for whole 237 
days). The above identified values of k are used here as well. 238 
Comparing all measured and modelled values of the outlet temperature in the whole 239 
validation period, the average of absolute error is 7.6% and 2.9% in Case On and Case Off, 240 
respectively. For whole days (cf. Section 3.1), this value is 4.3% (see also Table 3). 241 
For two single days of the validation, 3 August (smooth operation) and 5 August (intermittent 242 
operation), the average of absolute error values with respect to whole days are 4.0% and 243 
4.7%, respectively (see Table 3 for more details). Fig. 3 shows the comparison graphically, 244 
along with the switching state of the pump, with respect to time for the mentioned days. 245 
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 246 
Fig. 3. Measured and modelled outlet temperature in case of the physically-based model on 247 
two days of the validation 248 
4. LR model 249 
The LR model contains different relations for the two operating cases. Eqs. (5a) and (5b) 250 
correspond to Case On and Case Off, respectively. 251 
Case On:                                   tTctdctTctT adadininout  ,mod,                                    (5a) 252 
Case Off:                                 ttTcttTctT outoutaaout  ,mod,                                     (5b) 253 
In this model, the parameters to be identified are inc , dc , dac , , ,ac  and outc . 254 
4.1. Identification 255 
Case On: For a measured time t belonging to Case On,  t  is determined in the same way as 256 
in Section 3.1 then  td  can be gained from Eq. (1). If these values are known, along with the 257 
measured   tTin  ,   tTa   and  tTout  values, then inc , dc , dac ,  can be easily and fast 258 
identified by means of a standard MLR routine, which can be found in any spreadsheet 259 
handling or statistical programs (in Excel, SPSS, etc.). 260 
Case Off: For each measured time t belonging to Case Off (except the first one at the 261 
beginning of the current day), the measured values of  ttTa  ,  ttTout   and  tTout  are 262 
available, based on which ,ac  and outc  can be identified by means of a standard MLR routine. 263 
For the sake of simplicity, measoutT ,  of the first measured time is used also as the measured 264 
value of  ttTout   corresponding to the first measured time t. 265 
The accordingly identified values of inc , dc , dac , , ,ac  and outc  can be seen in Table 1 for 266 
each operating case. Henceforth, the identified model is used to model the outlet temperature. 267 
Comparing all measured and modelled values of the outlet temperature in the whole 268 
identification period, the R
2
 value is 0.9615 and 0.9685 in Case On and Case Off, respectively 269 
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(see also Table 2). The average of absolute error is 4.1% and 5.3% in Case On and Case Off, 270 
respectively, regarding the whole identification (see also Table 3). 271 
For two single days of the identification (2 July and 28 June), the average of error and average 272 
of absolute error values with respect to Case On and Case Off can be found in Table 3. 273 
Regarding whole days, the corresponding values for 2 July, 28 June and for the whole 274 
identification can be found in Table 3 (6.3%, 6.1% and 5.4% with respect to the average of 275 
absolute error). Fig. 4 shows the comparison graphically, along with the switching state of the 276 
pump, with respect to time for the mentioned days. 277 
 278 
Fig. 4. Measured and modelled outlet temperature in case of the LR model on two days of the 279 
identification 280 
4.2. Validation 281 
The already identified LR model is used in the validation. 282 
Case On:  t  and  td  is determined in the same way as in Section 4.1, furthermore, 283 
  tTin   and   tTa   are measured. From these data,  tToutmod,  can be easily and fast 284 
calculated by means of the simple linear algebraic relation Eq. (5a). 285 
Case Off: For each measured time t belonging to Case Off (except the first one at the 286 
beginning of the current day), the measured value of  ttTa   is available and  ttTout mod,  287 
(determined one step earlier) is used as  ttTout   in Eq. (5b). Then  tToutmod,  can be simply 288 
calculated from Eq. (5b). At the first measured time, measoutT ,  is considered as  tToutmod,  (initial 289 
condition). 290 
Comparing all measured and modelled values of the outlet temperature in the whole 291 
validation period, the average of absolute error is 6.4% and 4.5% in Case On and Case Off, 292 
respectively. For whole days, this value is 5.1% (see also Table 3). 293 
For two single days of the validation, 3 August and 5 August, the average of absolute error 294 
values with respect to whole days are 6.6% and 7.1%, respectively (see Table 3 for more 295 
details). Fig. 5 shows the comparison graphically, along with the switching state of the pump, 296 
with respect to time for the mentioned days. 297 
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 298 
Fig. 5. Measured and modelled outlet temperature in case of the LR model on two days of the 299 
validation 300 
5. Grey-box model 301 
It can be seen from Table 3 that the physically-based model is more precise in Case Off, while 302 
the LR model is more precise in Case On. Namely, the mean % value of the average of 303 
absolute error for the whole validation in Case Off is smaller (2.9%) with the physically-based 304 
model than with the LR model (4.5%), while in Case On, this value is smaller with the LR 305 
model (6.4%) than with the physically-based model (7.6%). This relation between the models 306 
is reinforced by the 2R  values as this value is bigger with the physically-based model 307 
(0.9802) than with the LR model (0.9685) in Case Off and bigger with the LR model (0.9615) 308 
than with the physically-based model (0.9547) in Case On. 309 
These results inspire to introduce a grey-box model as a composition of a white-box model 310 
(the physically-based model) and a black-box model (the LR model), which utilizes the 311 
advantages of both ones. The identified grey-box model consists of the above identified 312 
models, more precisely, it calculates mod,outT  according to the identified physically-based 313 
model in Case Off and according to the identified LR model in Case On. Further details are 314 
the following. 315 
Case On:  t  and  td  is determined in the same way as in Section 4.1, furthermore, 316 
  tTin   and   tTa   are measured. From these data,  tToutmod,  can be easily and fast 317 
calculated by means of the simple linear algebraic relation Eq. (5a). 318 
Case Off: Eq. (4) is solved for each measured time t in Case Off. The initial temperature is 319 
measoutT ,  at the first measured time (at the beginning of the day), otherwise, the initial time is 320 
 tt   and the initial temperature is  ttTout mod, . 321 
The grey-box model is applied only for whole days (it would not be interesting/new for the 322 
separate operating cases). For two single days of the identification, 2 July and 28 June, and for 323 
the whole identification period, the average of absolute error values are 3.9%, 4.1% and 3.8%, 324 
respectively. Fig. 6 shows the comparison graphically, along with the switching state of the 325 
pump, with respect to time for the mentioned two days. 326 
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 327 
Fig. 6. Measured and modelled outlet temperature in case of the grey-box model on two days 328 
of the identification 329 
For two single days of the validation, 3 August and 5 August, and for the whole validation 330 
period, the average of absolute error values are 4.2%, 4.5% and 3.6%, respectively. Fig. 7 331 
shows the comparison graphically, along with the switching state of the pump, with respect to 332 
time for the mentioned two days. 333 
 334 
Fig. 7. Measured and modelled outlet temperature in case of the grey-box model on two days 335 
of the validation 336 
6. Comparison 337 
The parameter values of the three identified models are summarized in Table 1. 338 
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Table 1. Parameter values of the models 339 
 
 
Physically-based model LR model Grey-box model 
Case On Case Off Case On Case Off Case On Case Off 
A, m
2
 0.0014 0.0014 - - - 0.0014 
c, Jkg
-1
K
-1
 3623 3623 - - - 3623 
dac , , - 
(identified) 
- - 0.5702 - 0.5702 - 
,ac , - 
(identified) 
- - - 0.0110 - - 
dc , °Cs
-1
 
(identified) 
- - -0.0031 - -0.0031 - 
inc , - 
(identified) 
- - 0.6997 - 0.6997 - 
outc , - 
(identified) 
- - - 0.9896 - - 
k, Wm
-1
K
-1
 
(identified) 
0.50 1.30 - - - 1.30 
V, m
3
 0.111 - 0.111 - 0.111 - 
t , s 60 60 60 60 60 60 
 , kgm-3 1034 1034 - - - 1034 
Table 2 contains the 2R  values between the measured outlet temperature and the outlet 340 
temperature calculated by the identified physically-based and the identified LR model for the 341 
whole time period of the identification. 342 
Table 2. 2R  values of the physically-based and the LR model for the whole identification 343 
 Physically-based model  LR model 
Case On 0.9547 0.9615 
Case Off 0.9802 0.9685 
Table 3 summarizes the average of error and average of absolute error values produced by the 344 
three identified models for two particular days both from the identification and from the 345 
validation and for the whole identification and validation periods. 346 
Table 3. Average of error and average of absolute error values with the models 347 
 
 
Physically-
based model 
LR model 
Grey-box 
model 
Id
en
ti
fi
ca
ti
o
n
 
2 July, 2012 
(smooth 
operation) 
Case On 
Average of error 0.17 °C 1.21 °C - 
Average of absolute error 
1.42 °C, 
3.8% 
1.34 °C, 
3.6% 
- 
Case Off 
Average of error 0.68 °C 2.54 °C - 
Average of absolute error 
1.81 °C, 
3.6% 
3.06 °C, 
6.0% 
- 
Whole 
day 
Average of error -0.12 °C 2.70 °C 1.11 °C 
Average of absolute error 2.11 °C, 3.43 °C, 2.15 °C, 
 12 
3.9% 6.3% 3.9% 
28
 
June, 2012 
(intermittent 
operation) 
Case On 
Average of error -0.23 °C -1.37 °C - 
Average of absolute error 
1.77 °C, 
5.3% 
1.88 °C, 
5.6% 
- 
Case Off 
Average of error 1.23 °C 2.59 °C - 
Average of absolute error 
1.82 °C, 
4.0% 
3.00 °C, 
6.6% 
- 
Whole 
day 
Average of error 0.21 °C 1.77 °C 0.67 °C 
Average of absolute error 
2.09 °C, 
4.1% 
3.11 °C, 
6.1% 
2.07 °C, 
4.1% 
Mean % value 
for the whole 
identification 
(four days) 
Case On Average of absolute error 5.2% 4.1% - 
Case Off Average of absolute error 3.3% 5.3% - 
Whole 
days 
Average of absolute error 4.2% 5.4% 3.8% 
V
al
id
at
io
n
 
3 August, 2012 
(smooth 
operation) 
Case On 
Average of error 0.28 °C 0.26 °C - 
Average of absolute error 
1.85 °C, 
4.9% 
1.60 °C, 
4.3% 
- 
Case Off 
Average of error 0.74 °C 2.33 °C - 
Average of absolute error 
1.74 °C, 
3.3% 
3.11 °C, 
6.0% 
- 
Whole 
day 
Average of error -0.22 °C 2.19 °C 0.78 °C 
Average of absolute error 
2.28 °C, 
4.0% 
3.76 °C, 
6.6% 
2.37 °C, 
4.2% 
5 August, 2012 
(intermittent 
operation) 
Case On 
Average of error -0.24 °C 0.82 °C - 
Average of absolute error 
1.80 °C, 
6.3% 
1.80 °C, 
6.2% 
- 
Case Off 
Average of error 0.43 °C 2.02 °C - 
Average of absolute error 
1.62 °C, 
3.4% 
2.74 °C, 
5.8% 
- 
Whole 
day 
Average of error -0.58 °C 2.13 °C 0.63 °C 
Average of absolute error 
2.33 °C, 
4.7% 
3.50 °C, 
7.1% 
2.24 °C, 
4.5% 
Mean % value 
for the whole 
validation 
(3 July – 31 
August) 
Case On Average of absolute error 7.6% 6.4% - 
Case Off Average of absolute error 2.9% 4.5% - 
Whole 
days 
Average of absolute error 4.3% 5.1% 3.6% 
Figs. 8 and 9 compare the physically-based and grey-box model graphically, along with the 348 
switching state of the pump, with respect to time for two days of the validation. 349 
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 350 
Fig. 8. Measured and modelled outlet temperature in case of the physically-based and the 351 
grey-box model on 3
rd
 August, 2012 (validation) 352 
 353 
Fig. 9. Measured and modelled outlet temperature in case of the physically-based and the 354 
grey-box model on 5
th
 August, 2012 (validation) 355 
The last three rows of Table 3 corresponding to the mean % value of the average of absolute 356 
error values with respect to the whole validation period (from 3 July to 31 August, 2012) 357 
show the essence of the results. It can be seen that the physically-based model is more precise 358 
(the modelling error, that is, the average of absolute error is smaller) in Case Off, than the LR 359 
model. The related values are 2.9% and 4.5%, respectively. The relation is opposite in Case 360 
On with 7.6% and 6.4%, respectively. It can be hoped that the grey-box model, which applies 361 
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the physically-based model in Case Off and the LR model in Case On is better, that is, more 362 
precise for whole days than any of the other two models. This is really the case as it can be 363 
seen in the last row of Table 3 that the grey-box model has the smallest modelling error, 364 
namely 3.6%, among the three identified models, with respect to whole days. 365 
Remark 366 
1. In Case Off, the physically-based model calculates the outlet temperature for all sub-cases 367 
according to ODE (4). Since the measured data are collected once a minute, the ODE is 368 
solved with constant (measured) input aT  for every minute. In this (constant) case, the ODE 369 
can be solved analytically. The explicit solution is an exponential-type function. The n-th 370 
order Taylor polynomial used generally to estimate the exponential function (at a time t) is 371 
presented in Eq. (6). 372 
                                                    t
n
e
n
ttt
t 
!
...
!32
1
32
                                               (6) 373 
Based on Eq. (6), a computer needs to carry out basically 1+2+…+n-1=(n-1)n/2 374 
multiplications of t, n-1 scalar multiplications (e.g. 3t  has to be multiplied by 1/(3!)) and n-2 375 
additions every minute to calculate the outlet temperature. The LR model uses Eq. (5b) in 376 
Case Off, which means only 2 scalar multiplications and 1 addition each minute. 377 
In Case On, the physically-based model (Eq. (4)) calculates the outlet temperature for every 378 
minute between the current value of time  t  and t, so the computational demand for any 379 
time t in Case On is similar as in any sub-case of Case Off. In Case On, the LR model (Eq. 380 
(5a)) needs to carry out only one calculation, that is, 3 scalar multiplications and 2 additions, 381 
for the current time t (and not more calculations for every minute from time  t  to t). 382 
The above evaluation shows that the computational demand is considerably lower with the LR 383 
model than with the physically-based model in Case Off and even lower with the LR model in 384 
Case On. Since the grey-box model is the combination of these two models, its computational 385 
demand is still lower than that of the physically-based model. Clearly, this means 386 
considerable advantage with the LR model and the grey-box model, if, for example, an online 387 
process control needs to carry out the calculations in real time. 388 
2. The LR and the grey box model can be used very generally for any design of tubes in any 389 
hydraulic circuit (not only in solar heating systems), since they need only basic and very 390 
common pipe features: the inlet temperature, pipe flow rate and the volume (length and 391 
diameter) of the pipe. These parameters are always known or can be measured easily. Then 392 
the identification process of Section 4.1 can be conveniently made. It is natural that any model 393 
(e.g. any well-tried physically-based model) needs the known or measured values of some 394 
physical or geometrical parameters (pipe diameter, pipe length, pipe flow rate). It is also 395 
natural that some other parameters, which cannot be measured directly (e.g. heat transfer 396 
coefficient), have to be identified, before the practical application of the model, in the same 397 
way as in the identification process of Section 4.1. These issues do not reduce the generality 398 
and the practical usability of the LR and the grey box model. 399 
7. Conclusion 400 
In the present study, the well-tried Newton’s law of cooling has been used to model the 401 
temperature change inside a pipe. Since a pipe involves delay for a fluid (element) flowing 402 
from the inlet to the outlet, this model has been completed with the mathematical description 403 
of the delay (based on former results in the literature). This completed mathematical 404 
construction has been used as the basic physically-based (white-box) model to determine the 405 
outlet (fluid) temperature of pipes. 406 
Any day has been divided into two operating cases, Case On and Case Off, according to the 407 
current (pump) flow rate and discharging state of the pipe. Furthermore, a new mathematical 408 
model, called LR model, has been worked out in this study based on MLR. Both the 409 
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physically-based and the LR model have been identified and validated based on measured 410 
data. The LR model proved to be more precise in Case On but less precise in Case Off. 411 
These results inspired to propose a further model, a grey-box model, as a composition of the 412 
physically-based and the LR model utilizing the advantages of both ones. The identified grey-413 
box model calculates mod,outT  according to the identified physically-based model in Case Off 414 
and the identified LR model in Case On. The last row of Table 3 verifies that the grey-box 415 
model is in fact the more precise one, since its modelling error is the smallest, namely 3.6%, 416 
against 4.3% in case of the physically-based model and 5.1% in case of the LR model. 417 
It is much simpler and faster to use the linear algebraic equations (Eq. (5a) and (5b)) than the 418 
ODE (Eq. (4)) to calculate the outlet temperature, so the LR model has the lowest, while the 419 
physically-based model has the highest computational demand. Clearly, the grey-box model is 420 
between them, that is, its computational demand is still lower than that of the physically-based 421 
model. Regarding the modelling error, all three models are satisfactorily precise for general 422 
engineering/modelling purposes, nevertheless, the grey box-model is outstanding (with an 423 
error of 3.6%), so it can be highly recommended for the practice and for further researches. 424 
In the present study, mathematical models for pipes have been worked out based on MLR. 425 
Since MLR based models are likely the simplest possible models (because of the simple linear 426 
relations), which can still reach a very good accuracy (around or below 5%), it is worth 427 
continuing MLR based researches. For example, further MLR based models may be worked 428 
out for other working components of heating systems or whole heating systems in future 429 
research works. In particular, MLR based models for solar collectors were proposed in [23]. 430 
These models could be completed with the above LR or grey-box models for pipes and with 431 
further MLR based models for solar storages (and for heat exchangers) to construct an MLR 432 
based model for whole solar heating systems. 433 
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